The dynamics of the large-amplitude oscillation of the vocal folds is analyzed using the two-mass model. First, the equilibrium positions are determined in the ease of a rectangular prephonatory glottis, and the existence of two equilibrium positions besides the rest position is shown. Their stability is examined and a bifurcation diagram is derived with a normalized subglottal pressure and a coupling coefficient as control parameters. Phase plane plots are shown to illustrate the results. The eases of convergent and divergent prephonatory glottis are then briefly considered. The main results are finally discussed relative to previous analytical works; it is shown that they disprove the previous oscillation theory based on the existence of a glottal negative differential resistance.
INTRODUCTION
The two-mass model of the vocal folds (Ishizaka and Matsudaira, 1972; Ishizaka and Flanagan, 1972) has been used in the past years to study the vocal fold oscillation in the production of voice. The capability of this well-known model to reproduce the oscillation in detail has been suecessfully demonstrated, and it has been widely used as a glottal source for speech synthesis (Ishizaka and Flanagan, 1972, 1977 A number of analytical treatments of this model have been presented, intending to explain its basic dynamics and to build a theory of the vocal fold oscillation (Ishizaka and Matsudaira, 1972; Ishizaka, 1981; Ishizaka etal., 1987) . However, because of the complexity of the equations, the analyses have been restricted to small-amplitude oscillations around the rest position of the vocal folds. In this approach, the equations of motion are first linearized at the rest position, whose instability is then studied through the Routh-Hurwitz criterion or similar techniques. The conditions of instability thus obtained have been considered as the parameters for the generation of the oscillation, or threshold conditions. According to these analyses, the oscillation dynamics could be described through a Hopf bifurcation: A stable equilibrium position (the rest position) becomes unstable at a certain value of a parameter such as the subglottal pressure, and at the same time a stable limit cycle is gen- However, using a related plank model and considering the general case of large-amplitude oscillations, the existence of a second equilibrium position and additional bifurcation phenomena have been found (Lucero and Gotoh, 1992; Lueero, 1993) . Those results imply a more complex oscillation dynamics than the single Hopf bifureation described above.
In this paper, a large-amplitude analysis of the dynamics of the two-mass model is presented to provide a more complete description of its equilibria and bifurcations. This study intends to serve as a mathematical basis for future studies on the vocal fold oscillation. It is important to note here that the suitability of the two-mass model to study the vocal fold oscillation has been questioned previously; e.g., Titze (1988) has pointed out the difficulty in correlating the model parameters to the vocal fold anatomy. However, it is a relatively simple model that permits us to study the oscillation analytically even without the small-amplitude restriction, and including the glottal closure. Keeping its limitations in mind, it is adopted for a first analysis of the oscillation dynamics. The results of this analysis will be discussed and examined relative to previous analytical works. Figure 1 shows a simplified diagram of the two-mass model. The equations developed by Ishizaka and Flanagan (1972) for this model are adopted with their notation. However, the following assumptions are made to simplify the analysis.
I. EQUATIONS OF MOTION
(i) The inertia of the glottal air is small and the glottal flow ig ec•ngidered quagigteady (Flanagan, 1972) .
(ii) The supraglottal pressure is zero (atmospheric). This assumption neglects the vocal tract load and corresponds to the case of an excised larynx. This is justified considering that the vocal fold oscillation also occurs in excised larynges, as observed by Baer (1981) .
(iii) The cubic nonlinearity of the elastic restoring forces of the tissues is small (the nonlinearity introduced by the collision between the opposite vocal folds is maintained). (iv) The pressure recovery at the glottal outlet is small (Titze, 1988) . 
where di is the thickness of mass rni, 1• is the length of the masses, P, is the subglottal pressure, and fe is the function
where g = 0.37 (Ishizaka and Flanagan, 1972 ) is a pressure loss factor for the area contraction at the glottal inlet.
II. EQUILIBRIUM POSITIONS

A. Open glottis
The open glottis condition is considered here, i.e., x•>-xm and x•>-x20. The equilibrium positions are obtained by setting the derivatives to zero in the equations of motion (la) and (lb), and using the expressions of the elastic restoring forces and driving forces in Eqs. (2) 
where xie (i= 1,2) denotes the equilibrium positions.
From Eq. (Sb) we obtain the relation
where a is the coupling coefficient a=kc/(k•+kc).
Using Eq. 
ps= ldlPs]klXiO .
The variable y• may be considered as a normalized ß displacement coordinate, and the parameter p• as a normalized subglottal pressure. The relation between Yle and Y2e is given by y•e=CtO(y• --1 ) + 1.
In the following analysis, the simple case of a rectangular prephonatory glottis, i.e., 0= 1 (xi0=x20), will be considered. In this particular case, the above equations take a simple form permitting the analytical treatment. The cases of convergent and divergent prephonatory glottis will be briefly examined in a later section,.
Letting O=l in Eqs. (8) 
B. Closed glottis
The closed glottis is considered next, i.e., x•<--xm or x2<--x•0. We proceed similarly as before, setting the derivatives in the equations of motion (la) and (lb) equal to zero, and introducing the expressions of the elastic restoring forces and driving forces in Eqs. (2) The stability of each equilibrium position can then be dete•ined by examining the roots of the above characteristic •uation.
B. Analysis of stability and bifurcations
The analysis is done considering the typical condition given by the values of Table I According to this bifurcation diagram, the oscillation region is then the region of existence of the limit cycle, delimited by the Hopf bifurcations EF (lower and right limit) and EG (left limit). It can be clearly seen that it is more restricted than the instability region of equilibrium position R, in the upper side of OEF. We have then the important result that the instability of the equilibrium position R alone is not enough to generate the oscillation. This result points out the limitations of previous analyses with the assumption of small amplitude oscillations around the rest position, and justifies the present large amplitude approach.
The values of a and Ps for point E can be used as indicators of the limits of the oscillation region. These values can be calculated from the characteristic equation ( Finally, the plot in Fig. 9 was obtained using the values a=0.9 and ps= 1 (point P4 in Fig. 5 ), which corresponds to the region where equilibrium position R is stable and equilibrium position A is unstable. An initial position .V•e=0.12 and y•=0.21 was used, which is the analytical location of equilibrium position A. As before, the real location of equilibrium position R can be obtained as the center of the trajectory with the result y•e=l.13 and y2e=l.10, which is close to the analytical result Yle•---y2e = 1.
IV. CONVERGENT AND DIVERGENT PREPHONATORY GLOTTIS
A. Convergent prephonatory glottis
The case of a convergent prephonatory glottis, i.e., xm>x20, is briefly considered here. The analysis is restricted to the particular case given by a coupling ratio a=0.76, kl/k2--=10 (same as in Fig. 4) If we compare the Fig. 10 case with the case of a rectangular glottis (Fig. 4) , some similarities and differences can be noted. First, the number of equilibrium positions is the same--three; these are denoted as I, II, and III. At ps=0.40, equilibrium positions II and III cancel each other. Equilibrium position III is equivalent to equilibrium position B in Fig. 4 , since they have similar location and stability properties. In Fig. 10 , however, there is no transcritical bifurcation between I and II (they never coincide). Applying a stability analysis, we find that equilibrium position II is always unstable. This implies that the oscillation region is determined only by the instability of equilibrium position I: If it is stable, the oscillation will spiral around equilibrium position I with decreasing amplitude; and if it is unstable, a limit cycle will be generated.
Equilibrium position I can be considered as equivalent to the previous equilibrium position R (at the rest position) for Ps smaller than its value at the coincidence of equilibrium positions A and R (i.e., below curve OL in Fig. 5) , and equivalent to position A forps higher than that value (above curve OL in Fig. 5) . Inversely, equilibrium The number of equilibrium positions is the same as before, and they are denoted equivalently as in the case of the divergent glottis. Equilibrium positions II and III also cancel each other at p,= 0.40. However, note that the transcritical bifurcation of the rectangular glottis in Fig. 4 The value of ps at which equilibrium position I becomes unstable is ps=0.43, which is higher than the value for the rectangular glottis p,=0.41. Although the difference is small, it implies that a convergent glottis restricts the oscillation region, increasing the threshold pressure.
B. Divergent prephonatory glottis
The case of a divergent prephonatory glottis, i.e., xm<x20, is shown in Fig. 11 . A value of/•=0.9 and other parameters as in Fig. 10 In spite of the differences, the results support Titze's approach to analyze the vocal fold oscillation. As stated previously, the generation of the oscillation is only determined by the instability of equilibrium position I. Hence, the oscillation conditions can be studied assuming small amplitudes around it (but not around the rest position), as in Titze's analysis. An interesting subject for further study would be the extension of his analysis to incorporate the findings of this work, such as those discussed above for the rectangular and divergent prephonatory glottis. Considering now equilibrium position III, and noting its small region of existence, we can conclude that it probably has no significant role in the oscillation.
The results of this analysis can also be examined relative to the negative differential resistance (NDR) oscillation theory presented by Conrad and McQueen (1988) . In their work, they first analyzed the semitransglottal pressure in the two-mass model, defined as the pressure drop between the subglottal value and the pressure at the junction between both masses, as a function of the air volume velocity in a steady flow condition. They then showed the existence of a region of negative differential resistance in the case of a weak coupling between the masses (ke/k 2 • 1 ); i.e., a region where an increase in the air volume velocity produces a decrease of the semitransglottal pressure. Based on this result, they explained the oscillation postulating that it is generated when this negative resistance overcomes the positive resistive part of the related aerodynamic impedances. Thus, the two-mass model was linked with the previous collapsible tube model (Conrad, 1983) , also based on the existence of a negative differential resistance.
However, we can see in , which corresponds to a coupling ratio a=0.11; but we found that the minimum value of the coupling ratio for the oscillation region is a =0.18, which implies that the region of negative resistance is outside the oscillation region. We can then conclude that the oscillation is not caused by the existence of the negative resistance, which disproves Conrad and MeQueen's theory and also questions the validity of the collapsible tube as a suitable model for the vocal folds.
VI. CONCLUSION
It has been shown that the dynamics of the vocal fold oscillation is far more complex than assumed in previous works, with the existence of more than one equilibrium position and several bifurcation phenomena. The results support the previous approach by Titze (1988) suggesting a large-amplitude extension of his work. On the other hand, they disprove the previous theory based on the existence of a negative differential resistance. These findings are important to understand the vocal fold oscillation and to set the direction for further analytical studies.
However, an important point has been left in this analysis: What do the equilibria and bifurcations mean in terms of phonation? The answer is not clear, perhaps because of the adoption of the two-mass model, as anticipated in the introductory section. We recall that the intention of this study has been to provide a first insight into the oscillation dynamics from a general large amplitude approach. Further studies with a more suitable model, such as a possible extension of Titze's model whose body-cover structure is closer to the vocal fold anatomy, will be required as a next step for a better correlation with the voice physiology. Also, experimental research will be needed to confirm and complement the analytical results. ACKHOWLEDGMENT I am grateful to Dr. Toshiyuki Gotoh for his support and his interest in this study.
